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The propagation of acceleration waves in an anisotropic thermoelastic medium
is studied, It is shown that taking account of the finiteness of the heat distribu-
tion velocity results in the appearance of four kinds of accelaration waves, whose
velocities and damping coefficients depend in an essential way on the direction
of wave surface propagation, A comparison between the velocities and damping
coefficients of plane acceleration waves in a zinc crystal, obtained with and with-
out the finiteness of the heat propagation velocity taken into account, is presented,
The papers [1, 2] are devoted to the influence of the coupling of the strain
and temperature fields on the nature of wave propagation in a homogeneous iso-
tropic body in the case ofan infinite heat distribution velocity, A number of
features due to coupling of the fields is obtained therein, and it is shown in par-
ticular that weak and strong discontinuities damp out, and the order of damping
is determined by an exponential factor,
Taking account of finiteness of the heat distribution velocity results in the
appearance of two kinds of longitudinal waves whose propagation velocities de-
pend in an essential manner on the velocity of the heat perturbation [3, 4].

1, Let us write down the system of equations governing the dynamical behavior of a
thermoelastic anisotropic medium in which the heat is propagated at a finite velocity

g5, -+ e 4 ToByes; = U (1.1)
1q; + g5 = — Kijf; (1-2)
Gijj = PUi (1.3)
& = /2 (Us,; + Uii) (1.4)
6i5 == Cijpe — Bi0 (1.5)

Here g; are the heat flux vector components, 0 = 7" — T, is the body temperature,
T, is the body temperature in the natural state, c. is the specific heat for constantstrain,
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Bij = Cijri%ny, vy are the linear thermal expansion coefficients, C;;y; are the iso-
thermal stiffness coefficients of the anisotropic material, g;; is the strain tensor, K;;
are the heat conduction coefficients, T is the relaxation time of the heat flux, s;; is
the stress tensor, u; the displacement components, o the density; the Latin subscripts
take on the values 1, 2, 3, the dots over the quantities denote the time derivative, and
the subscript after the comma denotes the derivative with respect to the appropriate co-
ordinate,

The energy conservation equation (1,1), the law of Fourier taking account of the heat
flux inertia (1, 2), the motion equation (1, 3), the Cauchy formula (1, 4), and the general-
ized Duhamel-Neumann relationship (1, 5) are a system of nineteen equations in the un-
knowns ¢;, 9, 6ij u;, &

Hencetorth, the acceleration wave will be understood to be the isolated surface on
which the stresses, the velocities, the temperature, and the heat flux are continuous, but
some of their partial derivatives are discontinuous,

Taking into account that the quantities ¢; are continuous on the wave surface, we ob-
tain from Eqs, (1,1) — (1, 3) and the relationships (1, 4), (1, 5) differentiated with respect
to time (the square brackets denote the difference between values of corresponding quan-
tities on different sides of the discontinuity surface)

(95,1 + e [07] + ToByj el = 0, 1[g;] = — K;;[0,] (1.6)
Bl = elwi’ls 21ey’] == [Vl 4 03]y (53] = Cijg [V5,1]— B3 [6]

where [p,] 1is the jump in the displacement velocity,
Using tne first-order kinematic and geometric compatibility conditions on the discon-
tinuity surface, we find from (1, 6)

pc®hs = Syghy + bicp, (¢ —a?) = Toc'chhy 1.7
Sih‘ = Ci]‘.‘ilvjvlv bi = Bijvj’ a® = K'mnvmvn (TCE)_I

Here v; is the unit vector normal to the surface, ¢ is the propagation velocity of this
surface, a” is the square of the velocity of the thermal perturbation for the uncoupled
problem, A;, u are quantities characterizing the jumps in the first derivatives of the
displacement and temperature rates, respectively

W'l = —Mic, (vl =Mvy, [0 = —pe, [0;] = pv;

The existence condition for nontrivial solutions of the system (1, 7) which is homogene -
ous relative to A; and u, determines four velocities in the general case, and therefore,
four kinds of acceleration waves in the anisotropic medium, Upon compliance with this
condition, only three equations in the system (1, 7) remain linearly independent, Select-
ing u as the free unknown, we obtain
d,

hi=—ue,  d=]S;—8,pc* (1.8)
Here §,; is the Kronecker delta, ¢; are determinants obtained from & by replacing the
i-th column with a column from (— b;). In the case of an infinite velocity of heat dis-
tribution in the body (1,- — 0) , the relationships (1, 7) and the condition that the deter-

minant of the system (1, 7) vanish,are rewritten as
] c? }’i = Sih}'ha d =0
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For specified v; these equations can be considered as the equations governing the real
principal values pcy®, p ¢,%, pcg® and the orthogonal principal directions TAQRACH
L;® of the symmetric tensor of the second rank C;;;; v jVe- Then the quantities A; can

he renresented as
o e =i, b=V iy (1.9)

on each of the three wave surfaces, For simplicity, the superscript indicating the ord;-
nal number of the wave surface is omitted on the quantities A;, A, {; .

2, Let us investigate the change in the characteristic values of the acceleration wa-
ves in the propagation process,

Differentiating (1,1) and (1, 3) with respect to 7, (1,2) with respect to x; and (1, 5)
with respect to ¢ and x; and taking their difference on both sides of the wave surface,

btai . v : .
we obtain (9551 + e [07] 4+ Toffij [vi] = 0, 7 [g;5] 4 [g5,5] + K [0,;1 =0 (2.1)
loisl = p[v;7], [6;',;,,«] = Cijp U5 — Bij [G;j] (2.2)
Eliminating the quantity [¢; ;| from (2,1),and [§;; ;] from (2,2), we tind
— 193] + T [07] 4 T8y [ve 3] — Ky (0,451 = 0 (2.3
P [01 ] - (zjhl Uh l/ - B‘L] IG,j (2'4)

Using the second-order kinematic and geometric compatibility conditions [5, 61, we ob-
tain a differential equation to determine the characteristic quantities from (2, 3) and

2,4
&9 6t A 5 6( + Cijuhig®hiea (ViZjp + Vi) — (2. 5)

cmlmgaﬁgmbacxj,sxz,f — by Bhag® (cW)aTip

(Tov)  KyjgeBup o (vij p + Viig) — (Tov) WP K;i8*8g baoi p%j < —
pb; %i‘ + 1Bijg*® (chi),xtp + Lo cec %ﬁi +

To'een? 5+ (Tot) Macec™'p? = 0

Here g is the contravariant metric tensor of the wave surface, b, are coefficients of
the second quadratic form of this surface, y, are curvilinear coetticients on the surface,
the indices a, f, 5, T = 1.2, the §/8¢ denotes §-differentiation with respect to ¢
[5]. Expressing the quantity };in terms of W in (2, 5) by means of (1, 8), we obtain

1 %‘i— 4 Buap 4 Dip? =0, Ay = pc*dydyd ™+ T5'cec™a? (2.6)
Bra = _;'t 2Cijiadididpd 2™ (V25,5 -+ Vizi) + Pdid™ g Pz oy +
(T4v)™ Kijviz; c8*®
= (Tot)"lc,_c*laz — g®Bgohy oy o - [(Tot) K, + Cijklczdidkd-zj +

0cd (dydyd %c?) | 8t 4 (dydyd?c? + To'ce) c [ 8¢ — b8 (did ™) [ 8t +
Cijkldid'lcgaﬁ (dkd—lc),a (lej,(i -+- Vj-zl,B) +
Bijdid  cg*Pe ;0 + g*PBi5 (Pdid™) a8

Expressing the quantities A;in (2, 5) in terms of A by means of (1, 9) for an infinite
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velocity of heat propagation (t = (), we obtain
A, %2— + Boohh 4+ DA? =0, A, = pcy By, = Cijililgviz; p8*® 2.7

D, = P%‘ A+ Cisa (lily) ovizja8% — Cijialilix1:%368*Pg" bas +
eTo (bl 1)* (Kijvivi) ™

It follows from (2, 6) and (2, 7) that a change in the characteristic values of the accele-
ration waves of all kinds depends essentially on the direction of wave surface propaga-
tion, In the general case, the solution of (2, 6) and (2, 7) is fraught with awkward calcu-
lations, Hence, let us henceforth limit ourselves to the consideration of plane waves, If
a Cartesian orthogonal coordinate system is chosen on the wave surface, then (2, 6) and
(2. 7) are written as (no summation is made over y)

§X
—&_Y+QYGXY,G.+WYXY =0, ¥=1,2 (XI:MZ, X2=7\12) (2. 8)

Here
Qua = [Y2€?Cjpydidd™2 (v c0s (j, @) 4 vjcos (l, o) +
c2d;d™1B;; cos (j, ) + (L'4T) 1 K;5v; cos (j, @) (pcPd,d,d ™2 +-
Tylecca?)™?

W1 = (Tov) Yeec ™ a? (pcdpdid™® + Tolcec7ta?)?
Qaa = Cijlilivi cos (j, @) (pe)™, Wy = T (bely)? (pKivivy)

Let us integrate (2, 8) along the characteristics, The characteristic surfaces have the form
(Yoo is an arbitrary constant)
o Y Ya = Qyal -+ Yao (2.9)

The quantities X . vary along the characteristic according to the law (X 4o is some con-
stant :
) Xy = Xypexp {— W,1} (2.10)
It is seen from (2, 9), (2,10) that the quantities £ ,o characterize the deviation of the
wave tubes from the normal vector to the wave surface, and W, determines the damping
of the perturbation X, along the wave tubes,

3, Asan illustration, let us examine plane wave damping in a hexagonal zinc crystat
[7, 8l.

For simplicity, we shall consider the normal vector v; orthogonal to the x,-axis,which
is a second-order axis of symmetry [7],i,e, v; = 0. We select an orthogonal Cartesian
coordinate system in the plane of the wave such that the ¥, -axis is parallel to the z,-
axis, The condition that the determinant of the system (1, 7) vanish is in this case

pc2— 8y =0, —me*+n®+p =0 (3.1)
m =a? 4 p™ [Sy + Ss3 + Toce™ (b + 657)]
n =ap ™ (Sy + Sig) + 072 852855 — Sas® 4 (Toee ) X
(Sagba? + Sapbs? — 2 Syobyby))
p =a 7% (Sas® — S5093)

It follows from (1. 7) that a purely transverse wave (u = 0, A;v; = 0) is propagated
at the velocity ¢; = S;%": , The other kinds of waves, whose velocities are determ-
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ined by the second equation in (3,1), will be classified as followss the wave which is
purely transverse along the principal directions v, == 0, v; = 0 will be called quasi-
transverse (its velocity is denoted by ¢,) and the other two, being longitudinal along
these directions, will be called quasi-longitudinal [9] (their velocities are cj, ca)-
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The dependence of the squares of the velocities on the angle ¢ (v, = cos ¢, v, =
sin @) is shown in Fig, 1 (here and henceforth only the first quadrant is shown because
of symmetry), Curves 7—4 correspond to the velocities €; — Ci. The value of the
relaxation time was taken to be © = 0,5-10-% sec [10],

It is seen from Fig, 1 that the transverse wave velocities ¢; and ¢, coincide alongthe
principal direction v, == 0, For ¢ = 37° the velocities of the transverse ¢ and the
quasi-longitudinal es wavescoincide, For the transverse wave being propagated with
velocity o, the sole quantity A, different from zero is determined by the eqnation

8% . ;
pe '—ﬁ—;‘ + Ay g {Craiz — Cyzxs) vavs = 0 (3.2)

Therefore, the transverse wave does not damp out, and the wave tubes deviate from the
normal vector, In the case of multiple velocities (c; == ;) Ay = p =0 and A and My
satisfy the equation 84,
¥ zpc-——§: + Cyipiba, o ¥y c0s {fy o) +v;cos a)} =0 (3.3}

It can be seen that the second member in (3, 3) is zero, hence, the solution (8, 3) yields
Ay == const, A, == const. In the case of multiple velocities (¢; = ) the quantity *,
satisfies (3.2),and Ay, A, and § are determined from (2, 8).

Presented in Figs, 2 and 3 are dependences of the damping cooefficients W, and the
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quantity Q,, characterizing the deviation of the wave tubes from the normal vector, on
the angle @. It is seen that the quasi-longitudinal wave being propagated with velocity
¢s damps out most rapidly, while the quasi-transverse wave has minimal damping (curve
2 in Fig, 2 is magnified twentyfold), It should
be noted that the wave tubes only deviate in
the z,z, plane,and the quantity Q A equals

Iy

T3

Fig, 5 Fig, 6

zero, The maximal deviation is for the quasi-longitudinal wave with velocity ¢;. The
deviation of the quasi-transverse wave changes sign starting with ¢ == 52° and becomes
negative, The quantity Q,, changes sign for all kinds of waves upon passing through

¢ = n/2 .

In the case of an infinite velocity of heat distribution in the zinc crystal, the transverse
wave with velocity ¢; coincident with the transverse wave velocity in the 7= 0 case
is propagated, as is also the quasi-transverse with velocity ¢, and the quasi-longitudinal
with velocity cj.

The dependence of the velocities, the damping coefficients W, and the quantity Q,,
on the angle ¢ are presented in Figs, 4 — 6, respectively, Curves 7—3 correspond tothe
velocities ¢; — cy. Curve 2 in Fig, 5 is magnified sixfold,

It is seen from the graphs that the finiteness of the heat propagation velocity essent-
ially influences the nature of plane wave propagation, especially the behavior of their
damping coefficients,

In conclusion, let us consider the uncoupled problem taking account of the finiteness
of the heat propagation velocity, In this case, four kinds of acceleration waves exist in
the crystal, Three of them are propagated with the velocities of elastic waves (Fig, 4),
and one with the velocity ¢ = a. For elastic waves the change in the characteristic
quantity %, is determined by (2. 8), in which it is necessary to set 1y = 0. It is seen
that these waves do not damp out, but the deviation of the wave tubes agrees exactly
with the t = ( case (Fig, 6), Inthe ¢ = a case, the change in the characteristic
quantity p is determined by the equation

5
2te.a g - Kijg*a Vit -+ Vi p) -+ acep = 0

The dependence of the square of the velocity a, the damping coefficient W, andthe
deviation of the wave tubes € on the angle @ are shown by dashes in Figs, 4, 2, 6,
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respectively, It is seen that the thermal wave velocity and damping in a zinc crystal
depend weakly on the propagation direction,

Thus, a characteristic singularity of acceleration wave propagation in an anisotropic
medium is the deviation of the wave tubes from the normal vector, For T = ( asecond
quasi-longitudinal wave appears which damps out more rapidly than the first, The re-
laxation time T turns out to exert substantial influence on the nature of quasi-longitu-
dinal and quasi-transverse wave propagation,

REFERENCES

1, Nowacki, W,, Dynamical Problems of Thermo-viscoelasticity, "Mir", Moscow,
1970, (See also English translation, Vol, 3, Pergémon Press, Book N¢ 09917, 1962,

2. Dillon, O, W, , Thermoelasticity when the material coupling parameter equals
unity, Trans, ASME, Ser, E, J. Appl, Mech,, Vol, 32, N¢2, 1965,

3, Popov, E, B, , Dynamic coupled problem of thermoelasticity for a half-space
taking account of the finiteness of the heat propagation velocity, PMM Vol, 31,
N2, 1967,

4, Achenbach, J.D,, The influence of heat conduction on propagating stress

. jumps, J. Mech, and Phys, Solids, Vol, 16, N*4, 1968,

5. Thomas, T,, Plastic Flow and Rupture in Solids, "Mir", Moscow, 1964,

6. Ivlev,D,D, and Bykovtsev, G.I,, Theory of a Hardening Plastic Body,
"Nauka", Moscow, 1971,

7. Nye, G, , Physical Properties of Crystals and their Desciption by Using Tensors
and Matrices, "Mir", Moscow, 1967,

8. International Critical Tables of Numerical Data, Physics, Chemistry and Techno-
logy. Vols, 1-7, McGraw-Hill, N, Y, -London, 1926 -1929,

9, Fedorov, F,I,, Theory of Elastic Waves in Crystals, "Nauka", Moscow, 1965,

10, Lord, H, W, and Shulman,Y,, A generalized dynamical theory of thermo-
elasticity, J, Mech, and Phys, Solids, Vol, 15, N5, 1967,

Translated by M,D, F,

UDC 539, 3: 534,231
ON DYNAMIC EFFECTS IN AN ELASTIC HALF-SPACE UNDER "THERMAL IMPACT"

PMM Vol, 38, N6, 1974, pp,1105-1113
N, V,KOTENKO and M, P, LENIUK
(Chernovtsy)

(Received November 29, 1973)

The general uncoupled dynamical problem of thermoelasticity for a half-space
under the condition of a thermal impact with a finite rate of change in tempera-
ture on its boundary is solved by the method of principal (fundamental) functions
within the framework of a generalized theory of heat conduction,

An elastic steel half-space is analyzed as an illustration, The problem on ther-
mal stresses originating in an elastic half-space due to thermal impact produced
by a jump change in temperature on the boundary was first analyzed in [1],
Since the temperature change on the boundary occurs at a finite rate, it is gene-



